The Mellin-Barnes representation for the free energy of the genus-g string is constructed. It is shown that the interactions of the open bosonic string do not modify the critical (Hagedorn) temperature. However, for the sectors having a spinor structure, the critical temperature exists also for all g and depends on the windings. The appearance of a periodic structure is briefly discussed.
The increasing interest in string theory at non zero temperature [1] [2] [3] as well as the numerous attemps to understand the origin and physical interpretation of the Hagedorn temperature [2] (a typically stringy phenomenon) have different motivations. If string theory is to be considered as the main ingredient of the "theory of everything", then hot (super)strings should describe the dynamics of the early universe. But even if strings were not so fundamental as hoped by somebody, they certainly may be quite useful in connection with QCD at non zero temperature.
The physical meaning of the Hagedorn temperature as the critical one corresponding to the behavior of thermodynamic ensembles, may be grasped by investigating the interplay between free strings and their interactions (i.e. higher loops). In recent papers [4] , oneloop string theory has been studied by making use of the Mellin-Barnes representation for the related free energy. Working with these techniques, a novel representation of the free energy has been obtained (Laurent series representation). In addition, the Hagedorn temperature has been clearly interpreted as the convergence radius of this Laurent series.
The aim of the present letter is to generalize the Mellin-Barnes representation obtained in [4] to arbitrary, genus-g strings. Such a generalization will allow us to identify the critical temperature at arbitrary loop order. Early attemps to study the critical temperature for multi-loop strings can be found in [5] [6] [7] .
It is well-known that the genus-g temperature contribution to the free energy for the bosonic string can be written as [5] 
where (dτ ) W P is the Weil-Petersson measure on the Teichmüller space. This measure as well as the factors det(P + P ) and det ∆ g are each individually modular invariant [5] . In addition,
where Z(s) is the Selberg zeta function and c an absolute constant [8] . Furthermore, the winding-number factor has the form of a metric over the space of windings, namely
T being the string tension and µ, ν = 1, 2, .., 2g, {N 1 , ..., N 2g } ≡ {m 1 , n 1 , ..., m g , n g }. The periodic matrix Ω, corresponding to the string world-sheet of genus g, is a holomorphic function of the moduli, Ω ij = Ω ji and Im Ω > 0. The matrix Ω admits a decomposition into real symmetric g × g matrices: Ω = Ω 1 + iΩ 2 . As a result
Besides,
, where Λ is an element of the symplectic modular group Sp(2g, Z) and the associated tranformation of the periodic matrix reads
As a consequence, the winding factor
is also modular invariant.
It can be shown that the 2g summations present in the expression for F g (β) can be replaced by a single summation together with a change in the region of integration from the fundamental domain to the analogue of the strip S a 1 related to the cycle a 1 , whose choice is entirely arbitrary [5, 6] . Then, one has
Let us now consider a different representation for the genus-g free energy. We shall generalize the method introduced in ref. [4] for the g = 1 case. The idea is to make use of the Mellin tranform of the exponential factor, i.e.
with Re v > 0 and c > 0. Therefore one arrives at
where
and
Finally, using the formulae (8) and (10) in eqs. (1) and (6), respectively, one obtains
. (12) These are the main formulae which will be used for the evaluation of the genus-g string contribution.
In order to deal with such expressions the integrals on a suitable variable in (dτ ) W P should be understood as the regularized ones. In this way the order of integration may be interchanged.
As an example, let us consider first the g = 1 case. It is well known that [6, 8] (dτ )
where η(τ ) = exp(iπτ /12) ∞ n=1 [1 − exp(2πinτ ) ] is Dedekind's eta function. In the case of an open bosonic string, we have Ω 1 = 0, Ω 2 = τ 2 , and Ω = diag (τ 2 , τ −1 2 ). In the limit τ 2 → 0 we get
The corresponding contribution to the free energy is given by
.
After having regularized the ultra-violet region (τ 2 → 0), one has (for more details see
As a result, the one-loop free energy admits the representation in terms of Laurent series :
and the functions C 0 (µ) and C 1 (µ) depend on the infrared cutoff parameter µ, while
is the contribution coming from the contour integral along the arc of radius R on the right half-plane. In this representation the critical (Hagedorn) temperature arises as the convergence condition of the Laurent series, namely
As a consequence, β > β c = ( for the open (closed) bosonic string. Moreover, the Laurent series can be summed and a periodic structure appears, i.e.
This provides also a possible analytic continuation beyond the Hagedorn temperature.
By analogy with the above one-loop evaluation, we shall consider in the following the open string genus-g contribution to the free energy. The matrix Ω may be chosen as
2 ). In the limit Ω 2 → 0, one has
where the Epstein zeta function of order g is defined by
The corresponding contribution is given by
Since a tachyon is present in the spectrum, the total free energy will be divergent, for any g. The infrared divergence may be regularized by means of a suitable cutoff parameter.
This divergent behavior can be associated with the procedure of pinching a cycle non homologous at zero (see for example [7] ). It is well known that the behavior of the factor
is given by the Belavin-Knizhnik double-pole result and has a universal character, for any g. It should also be noticed that this divergence is β-independent and the meromormphic structure is similar to genus-one case. As a consequence, the complete expression for the free energy may be obtained again in terms of the Laurent series, and the whole genus dependence of the critical temperature is encoded in the Epstein zeta
|(2s).
For this reason, we have to determine the asymptotic properties of Z g | 0 0
|(2s). With this aim, we make use of the following general result:
where at least one of the b i is noninteger,
part of b i and
Furthermore, if b = (0, 0, ...0), then C g = 1. As a consequence, we arrive at the conclusion that the interactions of bosonic strings do not modify the critical Hagedorn temperature.
This result is in agreement with other computations [5, 7] .
However one can consider also different linear real bundles over compact Riemann surfaces and spinorial structures on them. The procedure of evaluation of the free energy in terms of the path integral over the metrics g µν does not depend on whatever type of real scalars are considered. This fact leads to new contributions to the genus-g integrals (1) and (2). On the other hand, one can investigate the role of these contributions for the torus compactification [8, 9] . In this case, the sum in eq. (1) 
We note that the particular multiplets (0, .., 1/2, .. , where K ν (x) is the modified Bessel function, we conclude that it is possible to rewrite the integrand of eq. (26) in terms of the finite sum appearing in eq. (30). As a consequence, a finite temperature periodic structure is also present in the genus-g contribution.
